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Coherent Destrution of Photon Emission from a Single Moleule Soure
Igor Rozhkov, E. Barkai
Department of Chemistry and Biohemistry, Notre Dame University, Notre Dame, IN 46556
The behavior of a single moleule driven simultaneously by a laser and by an eletri radio
frequeny eld is investigated using a non-Hermitian Hamiltonian approah. Employing the renor-
malization group method for dierential equations we alulate the average waiting time for the rst
photon emission event to our, and determine the onditions for the suppression and enhanement
of photon emission. An abrupt transition from loalization-like behavior to deloalization behavior
is found.
Periodi driving of a two level system an signiantly
alter its dynamis. Two renowned examples are: dynam-
ial loalization of ultra-old atoms in magneto-optial
traps [1℄, and oherent destrution of tunneling (CDT)
for a partile (e.g. an eletron) in a bistable system [2℄.
In the latter example, a sinusoidal external driving eld
loalizes the eletron in one of the wells of a double well
potential. This is done via partiular hoie of parame-
ters of the driving eld [2℄. Suh a oherent loalization
behavior was reently addressed in Ref. [3℄ in the ontext
of single moleule spetrosopy [4℄.
When a moleule interats with a ontinuous wave
laser eld and a muh slower radio frequeny (rf) eld,
one an ontrol the emission of the moleule by the ap-
propriate seletion of the rf eld parameters (see [3℄).
Coherent loalization in this ase manifests itself as the
divergene of average waiting time for a single photon
emission, even when the laser frequeny is in resonane
with the eletroni absorption frequeny of the moleule.
The rf eld eetively loalizes the wave funtion of the
moleule in its ground state (i.e. for ertain speial pa-
rameters of the rf driving eld). Note that ontrol of the
emission by single moleules using rf elds has gained re-
ent interest sine it an be used for single photon ontrol
and hene, possibly, for quantum ryptology and quan-
tum omputing [4, 5℄.
In this Letter we present the riterion for the destru-
tion and enhanement of emission from a single moleule
soure interating with an on-resonane ontinuous wave
laser and an rf eld. The situation is dierent from the
CDT beause the proess of photon emission is dissi-
pative and, therefore, auses deoherene in the single
moleule system. Using the renormalization group (RG)
method for dierential equations [6℄, we obtain analyti-
al expressions for the average waiting time 〈τ〉 of pho-
ton emission. Although, the deoherene due to nite
life time 1/Γ of the exited state of the moleule destroys
omplete loalization, in other words, 〈τ〉 is always nite,
we nd that 〈τ〉 exhibits resonane behavior as a fun-
tion of ontrol parameter. The most surprising result is
the existene of a ritial value of Γ/ωrf above whih the
resonane peaks (i.e. tendeny to loalize) disappear. It
turns out, that the transition from oherent loalization-
like behavior to nonoherent and deloalized behavior is
not smooth.
Our desription of a single moleule system is based on
the quantum jump approah [7℄. For a moleule with a
ground eletroni state |g〉 and an exited eletroni state
|e〉, the Shrödinger equation is
i
∂
∂t
|Ψ(t)〉 =
{
Vg cosωrf t |g〉 〈g|+
Ω
2
(|g〉 〈e|+ |e〉 〈g|)
+
(
Ve cosωrf t− i
Γ
2
+ δ
)
|e〉 〈e|
}
|Ψ(t)〉 .
(1)
Here δ is the laser detuning, Ve,g = µe,g · Erf , Ω =
µeg · E (the Rabi frequeny), where µe,g are perma-
nent dipole moments of the moleule in states |e〉 and
|g〉, and µeg is the transition dipole, E and Erf stand
for the amplitudes of the laser and the rf elds respe-
tively. The Hamiltonian in Eq. (1) is the non-Hermitian
quantum jump Hamiltonian, used in Monte Carlo sim-
ulations of Ref. [3℄ to propagate the wave funtion
|Ψ(t)〉 = Ψg (t) |g〉 + Ψe (t) |e〉 [7℄. In Eq. (1) we used
the rotating wave approximation for the fast on-resonant
laser eld, but not for the slow o-resonant rf eld. Al-
though, the non-Hermitian Hamiltonian in Eq. (1) seems
simplisti, it desribes single moleule experiment very
well as we demonstrate below.
The hief quantity of interest is the survival proba-
bility P0 (t) = 〈Ψ(t)| |Ψ(t)〉, i.e. the probability of no
emission event to our in the time interval between 0
and t. The knowledge of P0 (t) enables us to ompute
statistis of quantum jumps from state |e〉 to state |g〉,
i.e. the average waiting time for emission event [3, 7℄
〈τ〉 =
∫
∞
0
(
|Ψg (t)|
2
+ |Ψe (t)|
2
)
dt. (2)
In what follows, we rst onsider the ase of Ω≪ Γ, ωrf ,
and later, the ase of Γ < Ω ≪ ωrf . We solve the
Shrödinger equation (1) perturbatively employing the
renormalization group method [6℄ (f. reent solution for
CDT problem [2℄ with the RG proedure [8℄). Note that
the limit of small Rabi frequeny (Ω≪ ωrf ) orresponds
to the limit of high frequeny driving eld onsidered pre-
viously in the CDT problem [2℄. We study the eet of
the non-Hermitian part of the Hamiltonian on loaliza-
tion behavior in the same limit.
2Introduing salings t 7→ ωrf t, Ve,g 7→ Ve,g/ωrf ,
δ 7→ δ/ωrf , Γ 7→ Γ/ωrf ,Ω 7→ ǫΩ/ωrf (where
ǫ ≪ 1) we pass to the amplitude-variables:
Ψg (t) = cg (t) exp {−iVg sin t}, Ψe (t) =
ce (t) exp {−iVe sin t− Γt/2}. Thus, for the ase of
zero detuning δ = 0, we arrive at the set of oupled
ordinary dierential equations:
d
dt
cg = −iǫce
Ω
2
∞∑
k=−∞
e
−ikt−Γt/2Jk (ξ) ,
d
dt
ce= −iǫcg
Ω
2
∞∑
k=−∞
e
ikt+Γt/2Jk (ξ). (3)
where we expanded exponents in series of Bessel fun-
tions of the rst kind Jk [9℄. The modulation index
ξ = Ve − Vg is a parameter governing the amplitude of
the driving rf eld.
To solve Eqs. (3) we proeed with the appliation of
the RG approah [6℄. The naive solution to Eqs. (3) is
given by a power series in small ǫ: C (t) = (cg, ce) =
c(0) (t)+ ǫc(1) (t)+O
(
ǫ2
)
, provided that c(n) (t) are O (1)
for all t. At large enough times, however, one or several
c(n) (t) (n > 1) may beome greater than c(0) (t). Suh
terms, responsible for the break-down of the naive ex-
pansion are alled seular terms. The RG proedure, we
arry out below, regularizes the naive expansion by iden-
tifying the seular terms and eliminating them [6℄. This
tehnique enables us to obtain the long time asymptoti
solution.
At O
(
ǫ0
)
, the solution of Eq. (3) is simply a onstant
vetor c(0) = (A,B)
T
. Substituting this result into the
next order equations, and integrating, we have
c(1)g = −iΩB
∞∑
k=−∞
Jk (ξ)
(
1− e−Γt/2−ikt
) Γ− 2ik
Γ2 + 4k2
,
c(1)e = −iΩA
∞∑
k=−∞
Jk (ξ)
(
e
Γt/2+ikt − 1
) Γ− 2ik
Γ2 + 4k2
. (4)
Further appliation of the naive proedure produes
terms, whih grow with time t, i.e. seular terms
c(2)g = −
tΩ2
2
A
∞∑
k=−∞
J2k (ξ)
Γ
Γ2 + 4k2
+NST,
c(2)e = −
tΩ2
2
B
∞∑
k=−∞
J2k (ξ)
Γ
Γ2 + 4k2
+NST, (5)
where NST stands for nonseular terms. The following
RG equations for variables A and B are intended to reg-
ularize the naive expansion (to order O
(
ǫ3
)
) [6℄:
dAR
dt
= −
ǫ2Ω2Γ
2
AR
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
,
dBR
dt
= −
ǫ2Ω2Γ
2
BR
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
,
where subsript R indiates, that we are solving for the
renormalized values of A and B. Thus, to O
(
ǫ3
)
AR and
BR satisfy
AR (t) = A (0) exp
{
−
ǫ2Ω2Γt
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
,
BR (t) = B (0) exp
{
−
ǫ2Ω2Γt
2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
}
. (6)
At time t = 0 we assume that the moleule is in the
ground state, hene ce (0) = 0, cg (0) = 1. Applying
these initial onditions and replaing A and B with their
renormalized values (Eqs. (6)) in c(0) and in Eq. (4) we
obtain O
(
ǫ2
)
perturbation results for amplitudes ce and
cg. Then, we swith bak to the original variablesΨe,g (t)
and arrive at
Ψg (t) = e
−iVg sin t−ζt +O
(
ǫ2
)
,
ζ =
ǫ2Ω2
2
∞∑
k=−∞
J2k (ξ)
Γ
Γ2 + 4k2
,
Ψe (t) = −iǫΩe
−iVe sin t−Γt/2−ζt
∞∑
k=−∞
Jk (ξ)
×
(
e
Γt/2+ikt − 1
)
(Γ− 2ik)
Γ2 + 4k2
+O
(
ǫ3
)
. (7)
For onveniene we set ǫ = 1, keeping in mind that the
Rabi frequeny Ω is small. Then, using Eq. (2, 7) we
alulate the mean waiting time 〈τ〉
〈τ〉
−1
= ΓΩ2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4k2
+O
(
Ω2
Γ2
)
. (8)
In Fig. 1 we plot the saled mean time Γ 〈τ〉, given by
Eq. (8) as a funtion of the modulation index ξ, and om-
pare this predition with the results of numerial solution
of Eq. (1). We observe a good agreement between the
numerial and analytial results, indiating that the RG
approah indeed aptured the global behavior of Ψe,g.
We also observe, that for the smallest value of the de-
ay rate Γ (Γ/ωrf in original units), maxima of 〈τ〉 our
lose to the zeroes of the Bessel funtion J0 (ξ), but with
inrease in Γ, the maxima of 〈τ〉 shift and broaden.
To determine the positions of the extremums of 〈τ〉 as a
funtion of ξ (Fig. 1) and to investigate the eet of the
dissipation on the emission suppression (enhanement)
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Figure 1: Saled mean time between emission Γ 〈τ 〉 is plotted
as a funtion of modulation index ξ. Solid line represents
RG predition of Eq. (8), dots orrespond to the numerial
solution of Eq. (1). Rabi frequeny Ω = 0.1. Radiative deay
rates are Γ = 0.5; 1.5; 3.0 (from top to bottom). Grid-lines
indiate zeroes of J0 (ξ).
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Figure 2: Illustration to Eq. (9). Bessel funtion J0 (solid
line) plotted as a funtion of ξ together with the right hand
side of Eq. (9), G (Γ, ξ). Radiative deay rates are (a) Γ = 1.0,
(b) Γ = 2.5. Grid-lines indiate zeroes of J0 (ξ).
riterion, we use Eq. (8) and set d 〈τ〉 /dξ = 0. This on-
dition results in the following transendental equation,
J0 (ξ) =
Γ2
J1 (ξ)
∞∑
k=1
Jk (ξ) (Jk−1 (ξ)− Jk+1 (ξ))
Γ2 + 4k2
= G (Γ, ξ) . (9)
Solution of Eq. (9) yields values of ξ whih minimize and
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Figure 3: The shifts (ξ − ξn) /ξn found from Eq. (9) (solid
lines) are ompared to those found from numerial solution of
Eq. (1) (boxes). They are plotted as a funtion of Γ (Γ/ωrf
in original units) for the peaks lose to the rst (upper urve)
and the seond (lower urve) zeroes of J0 (the rst two peaks
in Fig. 1). Critial points are marked by stars.
maximize 〈τ〉. These values orrespond to enhanement
and redution of photon emission rate 1/〈τ〉.
In the limit of Γ → 0 we reover the well-known
ondition, obtained previously in the ontext of CDT,
J0 (ξn) = 0 (ξn are the zeros of the Bessel funtion J0).
For small Γ, sine shifts in ξ with respet to ξn are small,
we an expand both sides of Eq. (9) in Taylor series
around points ξn. Then, the shifts of maxima are given
by
ξ − ξn ∼
Γ2
J21 (ξn)
∞∑
k=1
Jk (ξn) (Jk+1 (ξn)− Jk−1 (ξn))
Γ2 + 4k2
.
(10)
For arbitrary values of Γ, Eq. (9) has to be solved nu-
merially. In Fig. 2 we illustrate this solution by plotting
G (Γ, ξ) and J0 (ξ) versus ξ for two values of Γ. In Fig.
2a (Γ = 1.0) we observe the graphs rossings lose to the
roots of Bessel funtion J0. However, as we inrease Γ to
2.5, rossings disappear (Fig. 2b). In other words, Eq.
(9) does not have solutions for this value of Γ, and rst
two maxima of 〈τ〉 do not exist. A similar transition also
happens with the minima of 〈τ〉. As it follows from Eq.
(9), the minima are found in the viinity of zeroes of J1
for Γ lose to zero, and disappear for suiently large Γ
(see Fig. 2b).
This outome is an indiation of unexpeted ritial be-
havior of 〈τ〉 in Γ. Maxima (minima) of the waiting time
〈τ〉 do not disappear gradually with the inreasing deay
rate, due to the peaks broadening. Instead, there exist a
ritial value of Γ for eah extremum, whih is equivalent
to existene of innite number of ritial points. We note,
that in the viinity of ritial point (ξcr,Γcr), the straight
forward expansion of Eq. (9) yields ξcr− ξ ∝ (Γcr − Γ)
β
,
with β = 1/2. Furthermore, as an be onluded from
4Fig. 2, the neighboring pairs of minima and maxima dis-
appear at the same values of Γcr, that is, maxima and
minima ow towards eah other and annihilate. In Fig.
3 we plot shifts in the positions of maxima with respet
to ξn given by numerial solution of Eq. (9) as a funtion
of Γ. Both urves in Fig. 3 display exellent agreement
with the results of numerial solution of the Shrödinger
equation (1).
We remark, that the RG proedure for the ase of
nonzero detuning is performed in a similar fashion and
results in
〈τ〉
−1
= ΓΩ2
∞∑
k=−∞
J2k (ξ)
Γ2 + 4 (k − δ)
2 +O
(
Ω2
Γ2
)
. (11)
In this ase, maxima of mean waiting time our lose
to zeroes of Jδ (ξ) (δ is an integer), if Γ is not large.
Otherwise, they shift aording to the δ = 0 senario.
So far we have onsidered the situation when Rabi ex-
itation frequeny Ω is smaller than Γ. In a view of single
moleule experiments arried out in Ref. [10℄, an oppo-
site situation Ω > Γ is also important. Assuming, that
Ω,Γ≪ ωrf we now turn to the riterion for the destru-
tion of emission for this ase, and verify the ompatibility
of the RG results and of our model Hamiltonian with the
available experimental data.
Note, that if Γ is smaller than ωrf , we need
to modify our derivation. This time, we keep the
laser detuning δ in the ee-matrix element of the
Hamiltonian in Eq. (1), and swith to ampli-
tudes: Ψg (t) = cg (t) exp {−iVg sinωrf t}, Ψe (t) =
ce (t) exp {−iVe sinωrf t− Γt/2− iδt}. We use dierent
saling to ensure that the rf eld frequeny is muh
greater than both Ω and Γ (i.e. Γ 7→ ǫΓ/ωrf , Ω 7→
ǫΩ/ωrf ). Our system of ordinary dierential equations
now reads
dcg (t)
dt
= −
iǫΩ
2
∞∑
k=−∞
e
−ikt−iδtJk (ξ) ce (t) ,
dce (t)
dt
= −
iǫΩ
2
∞∑
k=−∞
e
ikt+iδtJk (ξ) cg (t)−
ǫΓ
2
ce (t) ,
where all the quantities are in units of ωrf . Unlike the
previous ase (Eqs. (4, 5)), the seular terms appear
(at integer values of δ) in the naive expansion already at
the rst order. The details of alulations with the RG
method will be given elsewhere, here we only present the
nal expression for the average waiting time:
〈τ〉−1 (δ) ≈
∑
k
ΓΩ2Jk (ξ)
2
Γ2 + 2Ω2Jk (ξ)
2 + 4 (k − δ)2
. (12)
The approximate equality sign in Eq. (12) indiates,
that it is only valid when resonanes are not overlapping,
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Figure 4: Comparison of the preditions for 〈τ 〉−1 (δ) given
by Eq. (12) (solid lines) with the exited state population al-
ulated from Bloh equations (Ref. [10℄) for various values of
Rabi frequenies (from bottom to the top): Ω = 0.29; 0.9; 3.2
in units of Γ. Parameters are taken from experiment of Ref.
[10℄: ωrf/2pi = 140 MHz, ξ = 1.14, Γ/2pi = 20 MHz (empty
triangles). The results are arbitrarily shifted vertially for
transpareny, therefore, units on vertial axis are arbitrary.
Our preditions are in aord with experiments [10℄.
whih is onsistent with our assumption Γ ≪ ωrf . We
see that the riterion for destrution of emission is given
by Jk (ξ) = 0 for integer values of the detuning δ = k (in
units of ωrf ).
Now we are ready to ompare our theory with exper-
iment of Ref. [10℄. The experimental results had been
previously mathed with the numerial solution of opti-
al Bloh equations [10℄. We repeat the numerial simu-
lations arried out in Ref. [10℄, and ompare the results
with analytial predition of Eq. (12) in Fig. 4 [11℄. All
three graphs in Fig. 4 illustrate nearly perfet agreement
between the theory and experiment, suggesting that the
observation of ritial behavior addressed in this Letter
may be possible.
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